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Accuracy of chaos synchronization in Nd:YVO4 microchip lasers

A. Uchida, T. Ogawa, M. Shinozuka, and F. Kannari
Department of Electrical Engineering, Keio University, 3-14-1 Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan

~Received 1 December 1999!

Synchronization of chaotic oscillations generated in two Nd:YVO4 microchip lasers is experimentally and
numerically demonstrated with master-slave coupling schemes. The synchronization performance under some
parameter mismatch between the two lasers is quantitatively characterized. Synchronization is always achieved
when the lasing frequency of the slave laser is matched to that of the master laser through injection locking.
Accurate synchronization of chaos at an average intensity error of less than 2% is attained and maintained for
tens of hours. The modulation parameters of the two lasers do not need to be matched for synchronization
when the injection power is at a sufficiently high level, because chaos synchronization is based on its injection-
locking performance. For accurate synchronization in multimode lasers, the power distribution among longi-
tudinal modes needs to be matched.

PACS number~s!: 05.45.Xt, 42.65.Sf, 05.45.Vx, 05.45.Gg
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I. INTRODUCTION

Synchronization of chaos has recently attracted great
terest because of its potential applications in secure com
nications@1,2#. Optical chaos generated in lasers, in partic
lar, is expected to be useful for optical secu
communications. Recently, optical encryption systems us
laser chaos were experimentally demonstrated@3–5#, where
synchronization of laser chaos is a key technology to ge
ate an identical chaotic wave form in both a transmitter a
a receiver for signal decoding. Synchronization of chaos
lasers has been intensively investigated with numerical m
els @6–26# and in experiments@27–38# for various laser sys-
tems. However, no one has reported the physical mecha
of chaos synchronization in lasers, so far. Therefore, exp
mental conditions for achieving chaos synchronization
still not well understood. Chaos synchronization in lasers
be categorized into two types: the master-slave type~unidi-
rectional coupling of the laser field! and the mutually
coupled type@6#. In this paper, we discuss chaos synchro
zation only in the master-slave type, which is well suited
secure communication applications to connect distantly se
rated chaotic lasers and to maintain the original chaotic
riers.

The concept of chaos synchronization was first repor
by Pecora and Carroll@1#. A chaotic system is divided into
two subsystems, the driving and response systems. Th
sponse system~master! and another newly created respon
system~slave! are synchronized by applying a signal fro
the driving subsystem. Synchronization can be achie
when all the conditional Lyapunov exponents in the respo
systems are negative. In fact, this method is not suited
synchronization in lasers, which cannot be completely
vided into two subsystems. For more practical technique
continuous control method has been proposed@39,40#, where
the difference between two chaotic signals (Dx5xmaster
2xslave) is fed back to a slave system. For the different
signal to be kept to zero under perfect synchronization (Dx
50), all the system parameters have to be identical. Thu
synchronous solution always exists in such systems. W
PRE 621063-651X/2000/62~2!/1960~12!/$15.00
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the two chaotic signals tend to be slightly different, negat
feedback can control the system at the manifold ofxmaster

5xslave. Some numerical studies on chaos synchronizatio
lasers using this method have been reported@8–10#. How-
ever, since coherent detection of the difference between
laser fields is complicated in experiments, the laser field
the master laser is directly injected into the slave laser
synchronization@6,11–26#. In this case, a perfect synchro
nous solution can exist when the injection power ratio and
photon lifetime in the laser cavity are carefully adjusted
both the master and slave lasers@11,12,17#. Therefore, the
optical injection method for chaos synchronization in las
appears to be equivalent to the continuous control metho

These synchronization mechanisms cannot be ado
when parameter mismatch exists between chaotic syste
There is no synchronous solution. Some numerical studie
chaos synchronization in lasers with parameter misma
have been reported@6,8,12–18#. They found that the accu
racy of synchronization is reduced as the parameter m
match increases. The most important condition for achiev
synchronization in lasers is matching carrier frequencies
tween the two lasers. Note that lasing frequencies are v
much larger than chaotic oscillation frequencies by a fac
of 105–109. We denote the amplitude of the electrical fie
Ė(t)5Ė0(t)exp(iv0t). The slowly varying envelope approxi
mation allows us to eliminate the term exp(iv0t) and we can
consider only the dynamics of the slowly varying electric
field envelopeĖ0(t). In the presence of detuning betwee
the lasing frequenciesDv05v0,master2v0,slave, the optical
field injected into the slave laser can be described
Ė0(t)exp(iDv0t). Thus, a synchronous solution does not ex
at Dv0Þ0. In this case, the optical injection method f
synchronization is not equivalent to the continuous con
method.

Although there are a few reports about loss of synchro
zation via detuning of lasing frequencies@12,13,15,16#, a
constant detuning was always assumed in these stu
When the master laser is injected into the slave laser
synchronization, injection locking is achieved and the las
1960 ©2000 The American Physical Society
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PRE 62 1961ACCURACY OF CHAOS SYNCHRONIZATION IN . . .
frequency of the slave laser is pulled to that of the mas
laser, if natural lasing frequencies of both lasers are with
certain locking range@41#. This injection-locking mechanism
was not taken into account in previous reports. Since de
ing of lasing frequencies can be eliminated as a resul
proper injection locking, a synchronous solution exists
actual laser systems. When the injected master laser is r
nant in the slave laser cavity (v0,master5v0,slave), the slowly
varying envelope component within a certain bandwidth c
be regenerated in the slave laser@E0,master(t)5E0, slave(t)#.
Therefore, it is not adequate to discuss the chaos synch
zation between two chaotic laser systems from the sa
viewpoint as electric circuits, since injection locking in th
laser cavity is a mechanism that is not used in electric
cuits.

Some experimental studies have revealed that chaos
chronization is achieved when the lasing frequencies
locked to each other@30,33,34,38#. Here, ‘‘chaos synchroni-
zation’’ in experiments is defined as the reproduction
identical chaotic wave forms in two separate lasers, incl
ing regeneration of chaos by injection locking. Howev
these references did not mention whether injection lockin
necessary and/or sufficient for synchronization. Therefore
is important to clarify the physical mechanism of chaos s
chronization in lasers and the requirement of injection lo
ing for synchronization.

In this paper, we investigate the physical mechanism
experimental chaos synchronization in lasers with a mas
slave optical coupling type. We experimentally and nume
cally demonstrate synchronization of chaos in a master-s
type system with two separate diode-pumped Nd:YVO4 mi-
crochip solid-state lasers, in which chaotic wave forms c
easily be generated by modulation of pumping@38# or using
frequency-shifted feedback light@42–45#. We quantitatively
estimate the accuracy of chaos synchronization from our
perimentally obtained temporal wave forms by use of
variance of correlation plots between the two laser inten
ties. Degradation of the accuracy of synchronization is inv
tigated in detail when the parameters in the two lasers
mismatched. We also clarify the different characteristics
synchronization of single-mode and multimode lasers.

This paper is organized as follows. Section II describ
our experimental setup of chaos synchronization and the
cedure for injection locking. In Sec. III, we experimental
demonstrate synchronization of chaos and estimate the
quirements for parameter matching between two laser
achieve accurate synchronization. We also discuss the p
ciple of synchronization. The characteristics of synchroni
tion in single-mode and two-mode lasers are compared
Sec. IV, we numerically investigate synchronization of cha
in microchip lasers. Our numerical results agree well w
our experimental results. Finally, we draw conclusions fr
our results in Sec. V.

II. EXPERIMENTAL SETUP

Figure 1 shows our experimental setup for chaos sync
nization. We used two Nd:YVO4 microchip crystals~1.1
atomic % doped; Fujian Crystals Inc.!, which were obtained
from the same crystal rod. Both ends of the 1-mm-long cr
tals were coated in the same process with dielectric mir
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(R1599.8%, R2599.1%) for a lasing wavelength ofl
51064 nm. The free spectral range of the laser cavity w
79 GHz. Each crystal was pumped by a fiber coupled la
diode ~Opt Power Co., OPC-A001-809-FC/100,l
5809 nm) with two focusing lenses. The laser oscillat
with 1–3 longitudinal modes depending on the pumpi
power. The temperatures of the microchip crystals and
laser diodes were controlled with thermoelectric cool
~resolution of 0.01 K! for fine tuning of the laser frequencies

Chaotic outputs in microchip lasers are easily obtained
modulating the pumping~called pump modulation@38#! or
by injecting the frequency-shifted feedback light~called loss
modulation! causing beat oscillations@42–45#, both on the
order of the sustained relaxation oscillation frequencies~a
few MHz!. During the experiments in this paper, we us
pump modulation. The injection current of a laser diode us
for pumping was sinusoidally modulated.

As shown in Fig. 1, a fraction of the master laser outp
was injected into the slave laser cavity for chaos synchro
zation. Two optical isolators~Electro-Optics Technology
Inc., 1845-2! and al/2 wave plate were used to achiev
one-way coupling from the master to the slave lasers~isola-
tion of 260 dB). Chaotic temporal wave forms were d
tected by photodiodes~Hamamatsu Photonics Inc., G347
03! and digital oscilloscopes~Sony Tektronix, TDS410!. The
optical frequencies of the lasers were measured by an op
spectrum analyzer~Advantest, Q8381A! and a Fabry-Pe´rot
scanning interferometer~TEC-Optics, SA-7.5! with a free
spectral range of 7.5 GHz and a finesse of 250.

Achievement of synchronization of chaos is highly depe
dent on the injection-locking performance of the slave os
lator. The optical frequencies of two individual lasers can
perfectly matched by injection locking when the frequen

FIG. 1. Experimental setup for chaos synchronization in t
Nd:YVO4 microchip lasers with pump modulation in master-sla
type I ~MS-1!: BS’s, beam splitters; L’s, lenses; M’s, mirrors; VA
variable attenuator~neutral density filter!; LD’s, laser diodes;
MCL’s, Nd:YVO4 microchip lasers; PL’s, Peltier devices; IS’s, o
tical isolators; PD’s, photodiodes; FC, fiber coupler; PM’s, pum
modulations;l/2 WP,l/2 wave plate; F-P, Fabry-Pe´rot étalon.
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1962 PRE 62A. UCHIDA, T. OGAWA, M. SHINOZUKA, AND F. KANNARI
difference is set within the injection-locking range. Th
injection-locking rangeDn lock is described by@41#

Dn lock<
ns

Qs
APm

Ps
, ~2.1!

wherens is the optical frequency in the slave laser,Qs is the
Q value of the slave laser cavity, andPm,s are the injected
power from the master and the intracavity power of the sl
laser, respectively. Therefore, the injection-locking range
dependent on the injection power of the master laser out
In our experiments, the injection-locking range was appro
mately 200 MHz.

The optical frequencies of Nd:YVO4 microchip lasers can
be tuned linearly as a function of the temperature of
crystals at 1.6 GHz/K@46#. The temperature of the crystal i
the master laser was kept constant. The temperature o
slave laser crystal was changed so that the difference o
two optical frequencies was within the injection-lockin
range. The optical frequencies were adjusted from a
resolution to a high resolution by monitoring the spectra w
the optical spectrum analyzer~resolution of 30 GHz!, the
Fabry-Pe´rot scanning interferometer~resolution of 30 MHz!,
and the radio frequency spectrum analyzer~resolution of 1
kHz!. Then a frequency beat between the two lasers
observed on the radio frequency spectrum analyzer. W
the beat frequency was settled within the injection-lock
range (;200 MHz) with more accurate temperature co
trol, the beat frequency disappeared and the two laser
quencies were perfectly matched. In our experiments,
final temperatures of the microchip crystals were set
315.00 K and 287.39 K for the master and slave lasers,
spectively. The output powers of the microchip lasers w
set to 0.02 mW and 0.82 mW~measured in front of the slav
laser cavity! for the master and slave lasers, respectively

III. EXPERIMENTAL RESULTS AND DISCUSSION

A. Chaos synchronization in single-mode lasers

To investigate the operating conditions of the slave la
for chaos synchronization, we categorized master-slave
chronization schemes into two types@6#. A master-slave type
I ~MS-1! consists of a chaotic master laser and a cha
slave laser with a positive Lyapunov exponent. A mast
slave type II~MS-2! is composed of a chaotic master las
and a nonchaotic slave laser with a negative Lyapunov
ponent.

First, we tried to synchronize chaos using MS-1. Bo
lasers oscillated with only one longitudinal mode. The inje
tion currents of the laser diodes in the two lasers were
justed so that the sustained relaxation oscillation frequen
in the two lasers were matched~1.38 MHz!. When pump
modulations were applied to both the microchip lasers n
the sustained relaxation oscillation frequency~for example, a
modulation frequency of 1.34 MHz with a modulation dep
of 18%!, individual chaotic pulsations were obtained. Fi
ures 2~a! and 2~b! show the chaotic temporal wave forms a
the distribution of 5000 data points in a correlation plot b
tween the two laser outputs. There is no correlation at
between the chaotic pulsations in the two lasers. Whe
fraction of the master laser output was injected into the sl
e
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laser cavity within the injection-locking range described b
fore, the chaotic oscillations were synchronized as show
Fig. 2~c!. The linear correlation between the two laser o
puts shown in Fig. 2~d!, in contrast with Fig. 2~b!, exhibits
the synchronization. This synchronization can be maintai
for tens of hours as long as the injection locking of the tw
laser frequencies is achieved.

Next, we tried synchronization of chaos with the MS
coupling type. The temporal wave forms in the slave la
exhibit a sustained relaxation oscillation as shown in Fi
3~a! and 3~b!. When injection locking was achieved betwee
the two laser frequencies, the chaotic output in the ma
laser was reproduced in the slave laser@Fig. 3~c!#. The cor-
relation plot of Fig. 3~d! shows accurate reproduction of th
chaos as good as that achieved in MS-1 shown in Fig. 2~d!.

To evaluate the quantitative accuracy of chaos synchr
zation, the variances2 of the normalized correlation plo
from a best-fit linear relation is used, which is defined as@27#

s25
1

N (
i

N

~ I m,i2I s,i!
2, ~3.1!

whereN is the total number of sampling points of the tem
poral wave forms~15 000 points! and I m,i and I s,i are the
normalized intensities of the master and slave lasers at
i th sampling point. A smaller variances2 implies higher
accuracy of chaos synchronization. The variances of
MS-1 @Fig. 2~d!# and MS-2@Fig. 3~d!# coupling schemes are
s250.000 56 and 0.000 55, respectively, that is, we fou
that the variances of MS-1 and MS-2 are very similar. A ve
accurate synchronization with an average error of 2%s
50.024) was obtained.

FIG. 2. Experimentally obtained chaotic temporal wave for
and correlation plots for the two laser outputs:~a!,~b! without syn-
chronization and~c!,~d! with synchronization in MS-1 with single-
mode oscillations.
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B. Quantitative characterization of chaos synchronization

We quantitatively investigated the characteristics of ch
synchronization performance when various laser parame
are changed in the two lasers. First, we evaluated the
chronization performance when the injection-locking perf
mance was slightly altered. In the following description, t
injection-locking performance was separately examined
der nonchaotic conditions without the pump modulatio
Figure 4~a! shows the variances of the correlation plots a
function of injected power from the master to the slave
sers. The injection power was altered with a variable atte
ator ~a neutral density filter!. We found that accuracy of syn
chronization is always quite high at any injection pow
higher than the threshold. Above the threshold, relativ
constant variances are maintained as the injection powe
creases. Therefore, the synchronization range coincides
the injection-locking range. These results are different fr
that in laser diodes@5,14,29#, where an optimum coupling
coefficient exists to achieve accurate synchronization.
speculate that the difference comes from stability of
injection-locking performance. Injection locking in laser d
odes itself induces a variety of nonlinear dynamics such
chaos, period-doubling bifurcation, and multiwave mixi
@47#, due to the existence of the linewidth enhancement f
tor (a parameter! in diodes, whereas injection locking i
microchip lasers is always stable if the injection-locki
bandwidth is much larger than the sustained relaxation os
lation frequencies (;a few MHz! @48#.

Next, the temperature of the slave crystals was sligh
shifted from the perfect injection-locking point, whic
causes detuning. A beat oscillation was observed on
spectrum analyzer. We investigated the synchroniza

FIG. 3. Experimentally obtained chaotic temporal wave for
and correlation plots for the two laser outputs:~a!,~b! without syn-
chronization and~c!,~d! with synchronization in MS-2~nonchaotic
slave laser! with single-mode oscillations.
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range under oscillation frequency detuning. Figure 4~b!
shows the variances of the correlation plots as a function
the beat frequency at two constant injection powers. L
and constant variances are maintained within the injecti
locking range. Therefore, again, the synchronization ra
coincides with the injection-locking range.

We also investigated accuracy of synchronization wh
one of the parameters for chaos generation is mismatc
between the two lasers. First, the amplitude or the freque
of the pump modulation in the slave laser was sligh
shifted from that in the master laser. Figure 5 shows va
ances as functions of the amplitude and frequency of
pump modulation in the slave laser under weak and str
injection powers. A modulation amplitude of 10% at the fr
quency of 1.34 MHz was maintained for the master laser~the
downward arrows in Fig. 5!. With weak injection power
~solid circles, transmittance of a coupling filter of 0.09%!,
the variance increases as the modulation amplitude increa
It is worth noting that matching of the modulation amplitud
is not required to achieve accurate synchronization. The
synchronization is achieved without modulation in the sla
laser, which corresponds to the MS-2 coupling type. On
other hand, a low variance is always maintained with stro
injection power~open circles, transmittance of a couplin
filter of 100%! even if the modulation amplitude increase
These results imply that intense injection of the master la
can suppress the original dynamics in the slave laser, and
accuracy of synchronization is independent of the misma
of the pump modulation between the master and slave las
With weak injection power, accurate synchronization can
realized only when the pump modulation is weak enough
the slave laser to allow the injected master laser oscillatio
suppress the slave laser chaos. Therefore, generatio
chaos in the slave laser is undesirable.

Figure 5~b! shows that the variance increases at modu
tion frequencies less than 1 MHz for weak injection pow
because the synchronized temporal wave forms periodic
change at a low frequency corresponding to the pump mo
lation of the slave laser. This is a unique feature obser
only for pump modulation. With strong injection locking, th
variance is kept low. Therefore, perfect matching in pum
modulation frequency is not required if the injection power
high enough.

According to the results of Fig. 5, we speculate that
principle of synchronization of chaos in lasers is based
regeneration of the chaotic master laser in the slave ca
through injection locking. When the master chaos can s
press the original chaos in the slave laser, a duplicated
otic oscillation is obtained from the slave laser. The origin
chaos in the slave laser only disturbs the perfect regenera
of the master chaos in the slave cavity. If the injected ma
laser power is strong enough, accurate synchronizatio
maintained even when the modulation parameters are sig
cantly mismatched, because only the locking of optical f
quencies is required. Since the best synchronization per
mance is always obtained when the pump modulation is
applied to the slave laser~MS-2!, parameter matching is no
required for synchronization of laser chaos, in contrast to
case in electrical circuits@2#.

To confirm our interpretation, we experimentally inves
gated the performance of chaos synchronization for vari

s
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parameter mismatch conditions using loss modulation.
used frequency-shifted feedback light generated by two
ries of acousto-optic modulators~AOM’s!, so that the bea
frequency of the two modulators appears in feedback lig
instead of the conventional method with a rotating pa
sheet@42–45#. With this setup, the modulation frequenc
and amplitude can be controlled electrically with a high re
lution of 0.1 kHz. Figure 6 shows variances as functions
amplitude and frequency of the loss modulation in the sl
laser under different injection powers. The modulation a
plitude ~the amount of frequency-shifted feedback light! was
changed with a variable attenuator. With weak injecti
power ~solid circles, transmittance of injection power
0.27%! in Fig. 6~a!, the variance increases as the modulat
amplitude increases. The modulation amplitude does
need to be matched in the two lasers, as we thought. W
strong injection power~open circles, transmittance of injec
tion power of 100%!, the variance is always kept low. In Fig
6~b!, we used the two levels of feedback light power for lo
modulation@the ratios of the injection power to the feedba
light power are 1:6~solid circles! and 1:0.4~solid triangles!#.
With strong feedback light for loss modulation~solid
circles!, the effect of loss modulation is enhanced and
variance dramatically decreases at the matched modula
frequency of 1.34 MHz. Thus, there is clear evidence o
parameter matching region for accurate synchronizat

FIG. 4. Variances of the correlation plots as functions of~a!
injected power and~b! beat frequency between the two optical fr
quencies.~a! Crosses, MS-1; circles, MS-2.~b! Solid circles, trans-
mittance of a coupling filter of 27%; open circles, transmittance
a coupling filter of 100%. The arrows indicate injection-lockin
range.
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However, in terms of the level of accuracy, the varian
obtained with no loss modulation is still lower. With stron
injection power~open circles!, the variance is kept low.

Next, we changed the pumping power of the two lase
We set a strong injection power~transmittance of 100%!
with the configuration of MS-1. Figure 7 shows variances
functions of pumping power of~a! the master and~b! the
slave lasers under strong injection power. The number
longitudinal modes increases as the pumping power is
creased as shown in Fig. 7. The laser in which we do
change the pumping power was set to oscillate with a sin
mode~the arrows in the figures!. It is found that the variance
is maintained at a constant level as long as both the la
oscillate with a single mode. Around the oscillation thresho
(<1.1), the variance increases simply because there is
laser power. From these results, it is clear that the pump
power and the relaxation oscillation frequencies~propor-
tional to the square root of the pumping power! do not need
to be matched between the two lasers for accurate sync
nization. It is important to match the number of longitudin
modes for synchronization, since one of the longitudin
modes cannot be locked between a single-mode and a
mode laser. Therefore, achieving injection locking is mo
important for accurate synchronization than matching
modulation parameters and the pumping power.

f

FIG. 5. Variances as functions of~a! amplitude and~b! fre-
quency of the pump modulation in the slave laser. Solid circ
transmittance of a coupling filter of 0.09%~weak injection power!;
open circles, transmittance of a coupling filter of 100%~strong
injection power!. The downward arrows indicate parameter matc
ing between the master and slave lasers.
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C. Chaos synchronization in two-mode lasers

For single-mode lasers, it is relatively easy to reprodu
the chaotic wave forms of the master lasers by using un
thorized lasers without knowing the parameter values of
master laser because the accuracy of synchronization i
dependent of the parameter mismatch between two la
under strong injection power. This is an issue when synch
nization of chaos is applied to secure communications. H
we tried to investigate synchronization of chaos in tw
longitudinal-mode microchip lasers. Pump modulations~3.88
MHz, 8%! were applied to the master and slave las
~MS-1! to generate chaos around the sustained relaxation
cillation frequencies (f r154.20 MHz, f r251.84 MHz).
Figures 8~a! and 8~b! show individual chaotic wave form
and a correlation plot without injection locking. The shape
the chaotic oscillations is a continuous wavelike behav
which is different from the pulselike behavior in single-mo
lasers shown in Fig. 2, because at least one of the longit
nal modes always oscillates as a result of spatial hole b
ing of the population inversion in multimode lasers. Wh
injection locking is achieved between the two lasers, s

FIG. 6. Variances as functions of~a! amplitude and~b! fre-
quency of loss modulation in the slave laser. Solid circles and
angles, transmittance of a coupling filter of 0.27%~weak injection
power!; open circles, transmittance of a coupling filter of 100
~strong injection power!. The ratios of the injection power to th
feedback light power are 1:6~solid circles! and 1:0.4~solid tri-
angles!. The downward arrows indicate parameter matching
tween the master and slave lasers.
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chronization of chaos is achieved as shown in Fig. 8~c!. Lin-
ear correlation exhibiting highly accurate synchronization
obtained as shown in Fig. 8~d!, where the variance iss2

50.000 29 and the average intensity error is 1.7%s
50.017). Accurate synchronization is achieved in bo
MS-1 and MS-2 in two-mode lasers, and maintained for o
tens of hours as in single-mode lasers.

Synchronization in multimode lasers requires locking
the corresponding longitudinal modes to each other betw
two lasers. When the temperature of the laser crysta
changed, the beat frequencies of the first and second m
are changed. Figure 9 shows the variances as a functio
temperature of the microchip crystal in the slave laser. T
arrows in this figure correspond to the injection-lockin
ranges for the first and second modes. When the freque
locking between one of the two modes is destroyed, the v
ance increases dramatically. Both modes should be loc
for synchronization. In our experiments, the difference of
free spectral range~79 GHz! of the cavity between the mas
ter and slave lasers is only 0.05–0.20 GHz~depending on the
temperature of the crystals!, because the two microchip crys
tals were obtained from the same crystal rod and were
ricated in the same process. Therefore, injection locking
both modes can be achieved in these crystals~injection lock-
ing range of;0.2 GHz). However, it is difficult to synchro
nize chaos between two multimode lasers that have gre
different free spectral ranges. Therefore, the condition

i-

-

FIG. 7. Variances as functions of pumping power in~a! the
master and~b! the slave lasers under strong injection power~trans-
mittance of a coupling filter of 100%!. The downward arrows indi-
cate parameter matching between the master and slave lasers



th

oe
te
r,
n
f

ic
h
in
e
er
t

ee
a

ct
um
s

s
st
he

t
t

fe
th
iti
ir
n
ha
a

in

on
in

of
of
d
po-
tion
d
t in
in-
of
e is
the

lly

in
lud-

fol-

m

hip
rst

1966 PRE 62A. UCHIDA, T. OGAWA, M. SHINOZUKA, AND F. KANNARI
synchronization in multimode lasers is more severe than
in single-mode lasers.

For two-mode lasers, accuracy of synchronization d
not depend on the mismatch of the modulation parame
and the pumping power between the two lasers. Howeve
is important to match the power spectrum ratio of two lo
gitudinal modes between the master and slave lasers
more accurate synchronization. Figure 10 shows opt
spectra of the master and slave laser outputs after sync
nization with two-mode oscillations, and the correspond
correlation plots. The power ratio of the longitudinal mod
in the slave laser can be changed by controlling the temp
ture of the microchip crystal of the slave laser. Accura
synchronization is achieved when the power ratio betw
the first mode and the second mode in the slave laser
proaches that of the master laser. Figure 11 shows chara
istics of the variance as a function of the power spectr
ratio of the second mode to the first mode of the slave la
after synchronization. The arrow in the figure correspond
the ratio of the second mode to the first mode of the ma
laser. This result implies that the amplification ratio of t
first and second modes of the master laser should be
same in the slave cavity. The best resonant conditions of
first and second modes of the master laser are slightly dif
ent from those of the slave laser, if there is a difference in
free spectral ranges of the master and slave laser cav
Thus, accurate synchronization in multimode lasers requ
some parameter setting. This is a more severe conditio
imitate the original chaos with other unauthorized lasers t
that in single-mode laser systems. Therefore, chaotic w

FIG. 8. Experimentally obtained chaotic temporal wave for
and correlation plots for the two laser outputs:~a!,~b! without syn-
chronization and~c!,~d! with synchronization in MS-1 with two-
longitudinal-mode oscillations.
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forms in multimode lasers are suitable for applications
secure communications.

We summarize the influence of parameter mismatch
accuracy of synchronization under strong injection power
Table I. The most important effect for synchronization
laser chaos is injection locking, which is the matching
optical frequencies (;1014 Hz) between the master an
slave lasers. On the other hand, the slow envelope com
nents such as the modulation frequency and the relaxa
oscillation frequency (;106 Hz) do not need to be matche
under strong injection power, because the slow componen
the slave laser is pulled into that of the master laser by
jection locking. Therefore, we conclude that the principle
synchronization of chaos in lasers of the master-slave typ
based on the regeneration of the chaotic master laser in
slave laser cavity by injection locking.

IV. NUMERICAL CALCULATIONS

A. Model

To confirm our experimental results, we numerica
solved the dynamical model of two Nd:YVO4 microchip la-
sers with pump modulation, which are optically coupled
MS-1. We used scaled Tang-Statz-deMars equations inc
ing spatial hole burning effects@43,45,49#. The rate equa-
tions under single-longitudinal-mode operation are as
lows:

dn0,m

dt
5w0,m@11wp,mcos~2pt f p,mt1Fm!#

2n0,m2S n0,m2
n1,m

2 DEm
2 , ~4.1!

dn1,m

dt
52n1,m1~n0,m2n1,m!Em

2 , ~4.2!

dEm

dt
5

Km

2 F S n0,m2
n1,m

2 D21GEm, ~4.3!

s

FIG. 9. Variances as a function of temperature of the microc
crystal in the slave laser. The injection-locking ranges for the fi
and second modes are indicated.
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dn0,s

dt
5w0,s@11wp,scos~2pt f p,st1Fs!#

2n0,s2S n0,s2
n1,s

2 DEs
2, ~4.4!

dn1,s

dt
52n1,s1~n0,s2n1,s!Es

2, ~4.5!

dEs

dt
5

Ks

2 F S n0,s2
n1,s

2 D21GEs1
Ks

2
aEm cos~Dms,m!,

~4.6!

FIG. 10. Optical spectra after injection locking:~a! the master,
~b!,~c!,~d! the slave laser outputs with two-mode oscillations, a
~e!,~f!,~g! the corresponding correlation plots, when the tempera
of the microchip crystal of the slave laser is changed.
d~Dms,m!

dt
52ptDn2

Ks

2
a

Em

Es
sin~Dms,m!, ~4.7!

wheren0 andn1 are the space averaged and the first Fou
component of the population inversion density with spa
hole burning normalized by the threshold value, respectiv
E is the normalized amplitude of the lasing electrical fie
Dms,m is the phase difference between the master and
slave lasing field. The subscripts m, s indicate the master
slave lasers.w0 is the optical pump parameter scaled to t
laser threshold.K5t/tp , wheret is the upper state lifetime
and tp is the photon lifetime in the laser cavity.Dn is the
lasing frequency difference~detuning! between the two la-
sers.a is the coupling strength from the master to the sla
laser. wp and f p are the pump modulation amplitude an
frequency, respectively.F is the initial phase of pump
modulation. Time is scaled byt. We used the fourth-orde
Runge-Kutta method to calculate these equations.

Injection locking is required to match the optical freque
cies between two lasers. The injection-locking range is
fined from Eq.~4.7! as follows@41#:

Dn lock<
Ks

4pt
a

Em, average

Es, average
. ~4.8!

The injection-locking range is proportional to the couplin
strength.

B. Numerical results

During the calculation, we set the parameter values o
Nd:YVO4 microchip laser as follows: lasing wavelength
1.064 mm, cavity length of 1.0 mm, refractive index of 1.9
and reflectivities of the cavity mirrors of 99.8% and 99.1%
1.064 mm. From these values, the photon lifetime in t
laser cavity is calculated totp51.15 ns. The fluorescent de
cay time of the upper laser level was set tot588 ms; thus
K5t/tp57.673104. When the optical pumping paramete
w0 is set at 1.7, the corresponding relaxation oscillation f

e

FIG. 11. Variances as a function of power spectrum ratio of
second longitudinal mode to the first mode of the slave laser a
synchronization.
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TABLE I. Influence of parameter mismatch on accuracy of synchronization under strong injection p
~transmittance of a coupling filter of 100%!. Double circles: need to be matched for accurate synchroniza
circles: need to be matched for synchronization; crosses: no need to be matched.
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quency is 0.42 MHz. To generate chaotic oscillation in
pump modulation system, we set the pump modulation a
plitude at wp50.40, the pump modulation frequency atf p
50.35 MHz, and the initial phase of modulation atFm
5Fs50.

Figure 12 shows temporal wave forms and their corre
tion plots for coupling strengths ofa50.03% and 0.3% in
MS-1 type. Here, we setDn50. As shown in Fig. 12, mi-
crochip lasers with pump modulation exhibit chaotic pu
oscillations. Synchronization is not achieved at the we
coupling strength ofa50.03%. When the coupling strengt
is increased, synchronization is achieved at the mode
coupling strength ofa50.3%.

In order to evaluate the accuracy of synchronization,
used the variance of the correlation plots defined by
~3.1!. Figure 13 shows the variances at chaos synchron
tion between two lasers as a function of coupling strengta
in the presence of detunings between two laser frequenci
Dn51 MHz ~circles!, 3 MHz ~triangles!, and 5 MHz~in-
verse triangles! for ~a! MS-1 and~b! MS-2 (wp,s50). The
downward arrows in Fig. 13 indicate the threshold coupl
strengths for the injection-locking rangeDn lock obtained
from Eq. ~4.8!. We set all the parameters identical betwe
the two lasers except the detuning of the lasing frequenc
When the optical coupling strength is increased over
threshold of injection locking, the optical frequencies a
locked to each other and synchronization of chaos
achieved for both the coupling types. A clear threshold
observed and almost constant variance is maintained at
pling strengths higher than the threshold for both the c
pling types. These results agree well with our experimen
results shown in Fig. 4~a!.

To clarify the condition to achieve chaos synchronizat
under the parameter mismatch between two lasers, we ex
ine the tolerance of the deviation of laser parameters in
two lasers from perfectly identical conditions for synchro
-
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k

te

e
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a-
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n
s.
e
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s
u-
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m-
e

zation. We set slightly different parameters in the slave la
from those in the master laser, such as the pump modula
amplitudewp , the pump modulation frequencyf p , and the
pumping power w0 . Here, we defined Dwp
5wp,s/wp,m, D f p5 f p,s/ f p,m, and Dw05(w0,s21)/(w0,m
21). The parameters in the master laser are fixed atwp,m

FIG. 12. Numerically obtained temporal wave forms and th
correlation plots for the coupling strengtha50.03% and 0.3% in
MS-1 type with pump modulation atwp50.40 andf p50.35 MHz.
The parameters are identical for the two lasers.~a!,~b! Synchroni-
zation is not achieved at weak coupling strengtha50.03%.~c!,~d!
Synchronization is achieved at moderate coupling strengtha
50.3%.
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50.40, f p,m50.35 MHz, andw0,m51.7, and the parameter
in the slave laser are changed.

Figure 14 shows the variances as functions of param
deviations of~a! the pump modulation amplitudeDwp , ~b!
the pump modulation frequencyD f p , and ~c! the pumping
powerDw0 for two constant coupling strengths~solid circles,
a58%; open circles,a5100%) at a constant detuning o
Dn53 MHz. WhenDwp is increased at a weak couplin
strength of 8%, the variance increases. The best accura
achieved at zero modulation amplitude, which correspo
to MS-2 type. In Fig. 14~b!, the variance increases atD f p
<0.5 for a coupling strength of 8%, where the average a
plitude of the synchronized temporal wave forms in the sla
laser changes periodically in the slowly modulated slave
ser, as described before. At a strong coupling strength
100% in Figs. 14~a! and 14~b!, the variance is always smalle
than those ata58% and stays constant. These results ag
well with those in Figs. 5~a! and 5~b!.

In Fig. 14~c!, when Dw0 is increased, the variance in
creases dramatically for a weak coupling strength of 8
where injection locking cannot be achieved from Eq.~4.8!
becauseEs, averageincreases asDw0 is increased. For a stron

FIG. 13. Variances at chaos synchronization between two id
tical lasers as a function of the coupling strengtha in the presence
of detuning between two laser frequencies atDn51 MHz
~circles!, 3 MHz ~triangles!, and 5 MHz~inverse triangles! for ~a!
MS-1 and~b! MS-2 (wp,s50). The downward arrows indicate th
thresholds of coupling strength for injection-locking rangeDn lock .
er

is
s

-
e
-

of

e

,

coupling strength of 100%, synchronization is achieved i
wide parameter region. The tolerable region of parame
mismatch for synchronization is broad because of the str
injection-locking effect. These results also agree well w
those in Fig. 7~b!. Therefore, we have reconfirmed that th
laser parameters do not need to be matched to achieve a
rate synchronization.

V. CONCLUSIONS

We demonstrated experimentally and numerically
synchronization of chaos in two separate Nd:YVO4 micro-

n-

FIG. 14. Variances as functions of the parameter deviations
~a! pump modulation amplitudeDwp , ~b! pump modulation fre-
quencyD f p , and ~c! pumping powerDw0 for two constant cou-
pling strengths~solid circles,a58%; open circles,a5100%) at
constant detuning ofDn53 MHz in MS-1. The downward arrows
indicate parameter matching between the master and slave las
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chip lasers with master-slave coupling schemes, and qu
tatively investigated characteristics of the accuracy of s
chronization in chaotic lasers under parameter mismatc
Accurate synchronization of chaos in microchip lasers rep
ducing a master chaos in the slave laser with an ave
intensity error of 2% can be maintained for over tens
hours. We conclude that the principle of chaos synchron
tion in lasers is based on the regeneration of the envelop
the chaotic master laser in the slave cavity through
mechanism of injection locking. The condition to achie
accurate synchronization of chaos is almost equivalent to
injection-locking range. Modulation in the slave laser r
duces the accuracy of the synchronization at weak injec
levels, whereas the accuracy of synchronization is alw
maintained at strong injection levels even when the par
eter mismatch between the two lasers is changed. In t
n
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tro
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ni

m

ti-
-
s.
-

ge
f
a-
of
e

e
-
n
s
-

o-

mode lasers, chaos synchronization requires locking all
corresponding longitudinal modes to each other between
two lasers. The power spectrum ratio of longitudinal mod
needs to be matched for accurate synchronization, which
more severe condition for imitating the original chaos w
unauthorized laser cavities.
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